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Abstract
We had previously used techniques involving isospin to count the number of states for three
identical fermions in a single j shell with total angular momentum I = j. We generalize this to all
I, but the main thrust of this work is to consider now a 4-fermion system. As before, one evaluates
the eigenvalues of the Hamiltonian
∑
i<j[a+ bt(i) · t(j)] both from an isospin point of view and an
angular momentum point of view. In the 4-particle case, we get a more limited result than in the
3-particle case, namely the number of T = 0 states minus twice the number of T = 2 states, all of
a given angular momentum I.
PACS numbers:
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I. INTRODUCTION
It is our aim in this work to consider the number of states of a given angular momentum
and isospin for a 4-particle system. We previously considered a system of three nucleons
in a single j shell [1]. By using isospin considerations, we were able to obtain a formula
for the number of states with total angular momentum j, although it is easy to generalize
this to any angular momentum I for the 3-particle sytem. We did this by considering the
expectation value of the simplified interaction V =
∑
i<j[a + bt(i) · t(j)], where a and b are
constant, for a system of two protons and one neutron in a single j shell. If we do not choose
to use isospin degrees of freedom (and we do not have to!), the basis states are of the form[
[jpi(1)jpi(2)]
JP jν(3)
]I
. (1)
But we will find it useful to construct explicitly a wave function which is antisymmetric in
space, spin, and isospin
Ψ =
1√
3
(1− P13 − P23)
[
[j(1)j(2)]JP j(3)
]I
p(1)p(2)n(3) . (2)
If we focus on the isospin variables, the eigenvalues for A valence nucleons are
〈V 〉 = a
2
A(A− 1) + b
2
T (T + 1)− 3
8
Ab , (3)
which, for A = 3, becomes
〈V 〉 = 3a+ b
2
T (T + 1)− 9
8
b . (4)
From the angular momentum point of view, it was noted [1] that if we set up the Hamil-
tonian 〈[J ′P j]I |V |[JP j]I〉 and take the trace, we find
tr[JP ] =
∑
JP even

(3a− b
4
)
+ b(2JP + 1)

j j JPI j JP



 . (5)
If, in eq. (4), we choose a and b so that 〈V 〉 = 0 for T = 1/2 and 〈V 〉 = 1 for T = 3/2,
we find a = 1/6, b = 2/3. With this choice, tr[JP ] becomes the number of T = 3/2 states
of angular momentum I, which is the same as the number of states of angular momentum
I for a system of three identical particles, namely
1
3
∑
JP even

1 + 2(2JP + 1)

j j JPI j JP



 . (6)
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From this we learned that, even though we are dealing with a system of two protons and
one neutron, we obtain a result relevant to three identical nucleons.
In the next section, we will consider four nucleons (two protons and two neutrons) and
see what information we can learn from taking the expectation value of V for this case.
II. A SYSTEM OF TWO PROTONS AND TWO NEUTRONS IN A SINGLE j
SHELL
We consider a system of two protons coupled to angular momentum JP and two neutrons
coupled to JN , and then JP and JN coupled to a final angular momentum I:[
[j(1)j(2)]JP [j(3)j(4)]JN
]I
. (7)
Here JP and JN must be even in order for the 2-proton (2-neutron) wave function to be
antisymmetric. We can also include isospin coordinates p and n and then construct a wave
function that satisfies the generalized Pauli Principle, that is to say, the wave function is
antisymmetric in space, spin, and isospin
Ψ =
1√
5
(1− P13 − P14 − P23 − P24)
[
[j(1)j(2)]JP [j(3)j(4)]JN
]I
p(1)p(2)n(3)n(4) . (8)
We now want the expectation value of the simplified interaction V (ij) = a + bt(i) · t(j),
where a and b are constants. We can do this both from isospin considerations (easy) and
from angular momentum algebra (more difficult). Using the isospin method, we have〈∑
i<j
V (ij)
〉
=
a
2
A(A− 1) + b
2
T (T + 1)− 3
8
Ab , (9)
where A is the number of valence nucleons that are present. For A = 4, we get 6a− 3b/2 +
bT (T + 1)/2.
From the angular momentum point of view, there is more work to do:〈∑
i<j
V (ij)
〉
=
〈(
1− P13 − P14 − P23 − P24
) [
[j(1)j(2)]JP [j(3)j(4)]JN
]I
p(1)p(2)n(3)n(4)
∣∣∣
∑
i,j
[
a + bt(i) · t(j)
]∣∣∣ [[j(1)j(2)]JP [j(3)j(4)]JN]I p(1)p(2)n(3)n(4)
〉
. (10)
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Note that
t(1) · t(2) = 1/4 for T = 1,
= −3/4 for T = 0,
and 〈T = 0|V |T = 1〉 = 0, i.e., ∑i<j t(i) · t(j) conserves isospin.
Skipping over many details, we obtain the expression
〈[JPJN ]I |V |[JPJN ]I〉 = 6a− b
2

1 + 4(2JP + 1)(2JN + 1)


j j JP
j j JN
JP JN I



 , (11)
where the expression on the right contains a 9j symbol.
If we sum over JP , JN (both even) with the condition |JP − JN | ≤ I ≤ JP + JN , we can
equate this to the sum of eigenvalues obtained from the isospin formula:
∑
JPJN
6a+
b
2
∑
JPJN
[T (T + 1)− 3] =
∑
JP JN
6a− b
[∑
JPJN
1
2
+X(I)
]
, (12)
where
X(I) = 2
∑
JP ,JN
even
(2JP + 1)(2JN + 1)


j j JP
j j JN
JP JN I


. (13)
It should be noted that Zhao and Arima, in considering the problem of the number of states
of angular momentum I for four identical nucleons in a single j shell, obtained expressions
for the values of X(I) [2] which display a modular behaviour.
Note that the a terms in Eq. (12) cancel out. Then, since every remaining term is linear
in b, it will factor out
1
2
∑
JP JN
T (T + 1)−
∑
JPJN
3
2
= −
∑
JP JN
1
2
−X(I). (14)
Let N(T ) be the number of states with isospin T (T = 0, 1, and 2). Then, we get
1
2
[2N(1) + 6N(2)]− 3
2
[N(0) +N(1) +N(2)] = −1
2
[N(0) +N(1) +N(2)]−X(I) . (15)
Hence
X(I) = N(0)− 2N(2) , (16)
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or, in words,
(# of T = 0 states) − 2(# of T = 2 states)
= 2
∑
JP ,JN
even
(2JP + 1)(2JN + 1)


j j JP
j j JN
JP JN I


. (17)
III. CLOSING REMARKS
Following the initial work of Ginocchio and Haxton [3], there has been much recent
activity concerning the problem of the number of states of a given angular momentum
I [1, 2, 4, 5, 6, 7, 8, 9, 10] for identical fermions in a single j shell. If one limits oneself
to identical particles, e.g., electrons or neutrons, then isospin would seem a priori to be a
useless concept. Secondly, if one has a Hamiltonian which is simply a constant times the unit
matrix, one should not be able to get any useful information. However, we have shown that
if we enlarge the vector space to include non-identical particles, e.g., neutrons and protons,
we can get useful results for identical particles.
Since two identical nucleons necessarily have isospin T = 1, then the interaction a +
bt(1) · t(2) is equal to a + b/4, i.e., it is a constant. However, in the larger space of both
neutrons and protons, it is no longer a constant. We took advantage of this fact to get the
useful result of Eq. (5), which had been previously derived by Rosensteel and Rowe [4] using
quasispin considerations for a system of identical particles, and by Zhao and Arima [6] using
a J-pairing Hamiltonian also for particles of one kind.
Stimulated by recent work on a system of four identical particles by Zhao and Arima [8],
the main emphasis of this work is on a 4-particle system of both protons and neutrons. Also
we go off in a somewhat different direction. We ask for the number of states of a given
angular momentum and a given isospin. We get a relation which does not answer all the
questions, but which yields the useful result of Eq. (17) for the number of T = 0 states minus
twice the number of T = 2 states. Also it is easy to obtain the total number of states by
simply listing the two-particle configurations JP , JN that can couple to I. We do not bother
to give analytic formulas for these. There are no problems here because each (JP , vP ) and
(JN , vN) state occurs only once.
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